Abstract. We show many examples of curves on the unit 2-sphere S 2 (1) in R 3 and the unit 3-sphere S 3 (1) in R 4 . We study whether its curves are Bertrand curves or spherical Bertrand curves and provide some examples illustrating the resultant curves.
Introduction
Let C be a regular C ∞ -curve in an Euclidean 3-space R 3 . We call curve C a C ∞ -special Frenet curve if there exists the Frenet apparatus {t, n, b, κ, τ }, where t is the unit tangent vector field, n is the unit principal normal vector field, b is the unit binormal vector field, κ(> 0) is the curvature function and τ ( = 0) is the torsion function. A C ∞ -special Frenet curve C is called a Bertrand curve if there exists another C ∞ -special Frenet curveC and a C ∞ -mapping ϕ : C →C such that the principal normal lines of C andC at corresponding points coincide. Here,C is called a Bertrand mate of C. It is well-known that a C ∞ -special Frenet curve C in R 3 is a Bertrand curve if and only if there exists a linear relation aκ(s) + bτ (s) = 1 for all s ∈ I, where a and b are non-zero constant real numbers.
Bertrand curves have attracted many authors [2, 3, 6, 8, 10, 13, 14] . We refer to [1, 2, 4, 5, 7] for the text book. Izumiya and Takeuchi [8] show that Bertrand curves can be constructed from spherical curves. Aminov [1] proved that a Bertrand curve does not exist in R n if n ≥ 4. Matsuda and Yorozu [10] gave a different proof for this. We wonder if Bertrand curves exist in S 3 or S 4 . This is the motivation for the present paper. We note that Lucas and J. A. Ortega-Yagües [9] recently obtained a necessary and sufficient condition for a curve on S 3 (1) to be a Bertrand spherical curve. Our work is independent of theirs and provides a different proof of this fact from an entirely different viewpoint that we believe, taken in conjunction with the work of [9] deepens the understanding of Bertrand spherical curves. In addition, we present many concrete examples of curves on the unit 2-sphere S 2 (1) in R 3 and the unit 3-sphere S 3 (1) in R 4 . We give Bertrand curves constructed from curves on S 2 (1) in R 3 and we study whether curves on S 3 (1) are spherical Bertrand curves. We give Bertrand curves constructed from curves on S 2 (1) in R 3 with respect to the method by Izumiya and Takeuchi [8] . Finally, we provide some examples illustrating the resultant curves; these yield concrete examples which do not appear in the literature.
Preliminaries
Let R n be an Euclidean n-space with the inner product , . For
Here "(· · · ) t " denotes to the transpose of (· · · ). And we denote x, y = n i=1 x i y i for x, y ∈ R n , and
n } be the (n − 1)-sphere of radius 1, centered at the origin o in R n and T x (R n ) be the tangent space of R n at x. And, for x ∈ S n−1 (1), let T x (S n−1 (1)) be the tangent space of
). Let D be a covariant differentiation associated with the linear connection on R n , and ∇ be a covariant differentiation defined by
Here, ∇ is the Levi-Civita connection associated the induced metric g on S n−1 (1) . Then, the formula of Gauss is
where x ∈ S n−1 (1) is identified with the unit normal vector field at the point x of S n−1 (1). A regular C ∞ -curve C in R n is given by
where t 0 ∈ I ⊂ R. The arc-length s from the point x(t 0 ) to a point x(t) is given by
then we get the inverse function ϕ of ψ so that we have t = ϕ(s) with s ∈ J ⊂ R. The curve C is represented by arc-length parameter s as
Here we put
, then we have
Hereafter, we shall work in the C ∞ -category and refer to a special Frenet curve simply as a curve.
Examples of spherical curves on
Let S 2 (1) be the unit sphere in R 3 with the origin o and let a, b and c be real numbers. We provide examples of spherical curves on S 2 (1) in R 3 in this section.
Then we obtain
The curve C 1 (a, b, c) is a curve on S 2 (1) if and only if c 2 = 2ab and (a+b) 2 = 1. And we getẋ
The curve C 1 (a, b, c) is a regular curve (i.e., ẋ(t) 2 = 0) if and only if (
Thus we have a family
This is a family of spherical, regular and C ∞ -curves. For a curve C 1 in Γ 1 , we calculate that the curvature κ(t) and torsion τ (t) of C 1 in R 3 are
where
The curve C 2 (a, b, c) is a curve on S 2 (1) if and only if c 2 = 4ab and (a+b) 2 = 1. And we getẋ
The curve C 2 (a, b, c) is a regular curve if and only if a = 3b . Thus we have a family
This is a family of spherical, regular and C ∞ -curves. For a curve C 2 in Γ 2 , we calculate that the curvature κ(t) and torsion τ (t) of C 2 in R 3 are
We know the elements of Γ 1 do not map isometrically to elements of Γ 2 .
Bertrand curves in R
3 constructed from spherical curves and their illustrations
We describe Bertrand curves in R 3 constructed from spherical curves and their illustrations in this section.
Example 3. We consider a small circle C 3 on S 2 (1) defined by
with respect to the arc-length parameter s.
By the direct computation, we get
for all s ∈ R. And also, we get
for all s ∈ R. Thus we have, for all s ∈ R,
Next we compute
for all s ∈ R and e 2 (s), c(s) = 0. On the other hand,
for all s ∈ R. Now, we can construct a Bertrand curve from the curve C 3 by using Izumiya and Takeuchi's method [8] . The curve C 3 is depicted as in Figure 1 and we can draw a Bertrand curve from the curve C 3 as in Figure 2 . 
The curvature k(s) of C 1 with respect to the arc-length parameter s is given by
and it is called the geodesic curvature of C 1 . For c(s) = x(ϕ(s)), where t = ϕ(s), we get
Thus we have
Thus, with respect to the parameter t, the curvature k(t) at x(t) (i.e., c(s) = x(ϕ(s))) is given by
where c 2 = 2ab and (a + b) 2 = 1. We can construct a Bertrand curve from the curve C 1 in Γ 1 by using Izumiya and Takeuchi's method [8] . In the case of a = 1/4, b = 3/4 and c > 0, the curve C 1 is depicted as in Figure 3 and we can draw a Bertrand curve from the curve C 1 as in Figure 4 . 
, where c 2 = 4ab and (a + b) 2 = 1 with respect to the parameter t. We can construct a Bertrand curve from the curve C 2 in Γ 2 by using Izumiya and Takeuchi's method [8] . In the case of a = 1/4, b = 3/4 and c > 0, the curve C 2 is depicted as in Figure 5 and we can draw a Bertrand curve from the curve C 2 as in Figure 6 . Next, a circle C 4 on S 2 (1) is given by
Here, C 4 is a curve which is the intersection of S 2 (1) and a circular cylinder
This curve is depicted as in Figure 7 . 
Figure 7
And, the curve C 5 on S 2 (1) is given by
This curve is depicted as in Figure 8 (see the next page).
Spherical Bertrand curves on S
In this section, we study a spherical Bertrand curve on S 2 (1) and its spherical Bertrand curve. We recall that a curve C in R n (n = 2, 3) is called a Bertrand curve if there exists another curveĈ, distinct from C, and a bijection f between C andĈ such that C andĈ have the same principal normal line at each pair of corresponding points under f . The curveĈ is called a Bertrand mate curve of C [7] . The following results are well-known. We have the following definition: 
Now, by (b), we have the T c(s) (S 2 (1))-part of e 1 (s) = c (s) is given by c (s) + c(s).
We denote T c(s) (S 2 (1))-part of e 1 (s) by ∇ s e 1 (s). We have
Thus we have for any s, we define a curve as:
This curve is on S 2 (1). We have
ds , c(s) = 0 so that
Lets be the arc-length parameter ofC. We set s = Φ(s), then we have
The curveC is represented as:
We putc * (s) = dc ds (s), that is, * denotes the derivative with respect tos. We havec
We putẽ 1 (s) =c * (s) and we have ẽ 1 (s),c(s) = 0. We defineẽ 2 (s) =c(s) ×ẽ 1 (s). For ease of writing, we omit (s) and (Φ(s)) in the following. Then we havẽ
By the below equalities:
thus we haveẽ
The principal normal great circle ofC at pointc(Φ(s)) is given by
Since it holds, we omit (s) and (Φ(s)) again,
curves C andC have the same principal normal great circle at each pair of corresponding points. Thus we have the following theorem.
Theorem 1. Every curve on S 2 (1) is a spherical Bertrand curve.
Spherical Bertrand curves on S
In this section, we discuss a spherical Bertrand curves on S 3 (1) in the same manner as in Section 5. The purpose of this section is to get conditions of a spherical Bertrand curve on S 3 (1) and represent it with c, c (s), c (s), etc. Let c : J s → c(s) ∈ S 3 (1) in R 4 be a curve C parametrized by the arc-length s. Then we have c(s) = 1, c (s) = 1.
Also we know
And then, we have c (s) ∈ T c(s) (S 3 (1)).
We denote e 1 (s) := c (s) for all s ∈ I. Since c (s)− c (s), c(s) c(s), c(s) = 0, then we have c (s) − c (s), c(s) c(s) ∈ T c(s) (S 3 (1)).
Then we obtain P c(s) (e 1 (s)) = ∇ s e 1 (s) = c (s) − c (s), c(s) c(s).
Therefore, we get ∇ s e 1 (s) = c (s) + c(s).
And we have
We remark that 0 < c (s) 2 − 1 < +∞ and put k(s) = c (s) 2 − 1 for all s ∈ J. Then, we denote
Thus we have ∇ s e 1 (s) = k(s)e 2 (s) and
Since e 2 (s), c(s) = 0, then we have
So, we have
Then, we obtain
We denote w(s) by
Here, ε = ±1. We assume that w(s) = 0, since C is a C ∞ -special Frenet curve.
1/2 , then we obtain
Thus we obtain
Then we define
Since we define that the orientation of the frame {c(s), e 1 (s), e 2 (s), e 3 (s)} at c(s) is positive, we have that
by taking account of det[c(s), e 1 (s), e 2 (s), e 3 (s)] = 1. Then, we obtain
and since e 3 (s), c(s) = 0, then we obtain ∇ s e 3 (s) = e 3 (s).
Also we obtain e 3 (s), e 1 (s) = 0. And, since e 3 (s), e 3 (s) = 1, then we obtain e 3 (s), e 3 (s) = 0 for all s ∈ I. We have e 3 (s), c (s) = −w(s)k(s) and e 3 (s), e 2 (s) = −w(s). Therefore, we obtain
∇ s e 2 (s) = −k(s)e 1 (s) + w(s)e 3 (s)
∇ s e 3 (s) = −w(s)e 2 (s). Now, to find a spherical Bertrand mate curve of C we consider a curveC defined byĉ
for s ∈ J, because a spherical Bertrand mate curve is distinct from C. The curveC is on S 3 (1). Then, We havê
Since ĉ (s), c(s) = 0 for all s ∈ J , we have θ (s) = 0, s ∈ J so that θ(s) = θ (θ is a constant number). Thus we havê
Lets be the arc-length parameter ofC fromĉ(0) toĉ(s). Then we get a function Φ :J → J such that s = Φ(s), and the curveC is represented by arc-length parameters, that is,c(s) =ĉ(Φ(s)). We havē
and we havec * (s) ∈ Tc (s) (S 3 (1)), that is,ē 1 (s) =c * (s). Hereafter, we omit (s) and (Φ(s)). We havē
The principal normal great circleC ofC atc(s) is given bỹ c = cos(α) ·c + sin(α) ·ē 2 .
On the other hand, we haveē 2 = A −1 · ∇sē 1 , where A denotes the norm of ∇sē 1 . Here, we remark that α is a constant for the same reason of the case of θ. Then we havẽ
To get the same principal normal great circle, the components of e 1 and e 3 of the above equality must vanish. Thus we have
By solving this differential equation, we have cos(θ) − k sin(θ) = νw, where ν is a constant number. The converse is easy to prove if we go reversely. Now we put λ = cos(θ) and µ = sin(θ), then we have the following. 
for all s ∈ R. Since c (s) 2 = 1 and c (s), c(s) = −1, then we can calculate
and k(s) = 0 for all s ∈ R. The curve C is a great circle on S 3 (1), but the curve C is not a C ∞ -special Frenet curve on S 3 (1) since its curvature function vanishes.
for all s ∈ R. Next, we obtain
for all s ∈ R. Since det[c(s), e 1 (s), e 2 (s), e 3 (s)] = +1, then we have ε = +1 for all s ∈ R. Therefore, we obtain k(s) = .
for all s ∈ R. This curve C is a spherical Bertrand curve.
By the direct computation, we get c(s) = 1, c (s) = 1,
of C. Therefore, ccr-curve C on S 3 (1) with constant curvature k and torsion w is a spherical Bertrand curve. (2) If k = 0 and cos(θ) = 0, then k/w is a constant number and there exists a pair curve of the curve C with θ = π/2 between the curve C and the pair curve of C. Therefore, the ccr-curve C on S 3 (1) with non-constant curvature k and torsion w is a spherical Bertrand curve. In the case of n-clothoid : A C ∞ -special Frenet curve C on S 3 (1) is said to be an n-clothoid with its curvature and torsion given by k(s) = α + βs n , w(s) = γ + δs n for s ≥ 0, where α, β, γ, and δ are positive constants and n is a positive integer [9] . For a positive constant c, if both γ = cα and δ = cβ, then it is trivial that the n-clothoid C is a ccr-curve on S 3 (1). We have λ − µk(s) = νw(s) (s ≥ 0) with λ = 0, µ = 1 and ν = − 1 c . Thus the curve C is a spherical Bertrand curve. Now, we provide a spherical curve but not a spherical Bertrand curve. for all t ∈ R. This curve C is not a spherical Bertrand curve.
By the direct computation, we get Then we obtain x(t) =     −10 cos (3t) cos (t) + 6 sin (3t) sin (t) −10 cos (3t) sin (t) − 6 sin (3t) cos (t) −13 sin (3t) cos (2t) − 12 cos (3t) sin (2t) −13 sin (3t) sin (2t) + 12 cos (3t) cos (2t)     and ẋ(t),ẍ(t) = 9 sin(3t) cos(3t), ẍ(t),ẍ(t) = 244 − 39 sin 2 (3t).
